Abstract. It is proved that there are only finitely many families of codimension two subvarieties not of general type in Q 6 .
introduction
Ellingsrud and Peskine proved in [EP] that smooth surfaces in P 4 not of general type have bounded degree. In [BOSS1] this result has been estended to any non general type codimension two submanifolds in P n+2 , of dimension n ≥ 2. In the same spirit Arrondo, Sols and De Cataldo proved in [AS] , [deC] the following result THEOREM 1.1. (Arrondo, Sols, De Cataldo) Let X = X n ⊂ Q n+2 be a smooth variety not of general type of dimension n embedded in the smooth quadric Q n+2 of dimension n + 2. Let n ≥ 2, n = 4. Then deg(X) is bounded.
More precisely in [AS] it is proved the case n=2 while in [deC] it is proved the case n=3 and it is observed that the case n ≥ 5 follows by an inequality on Chern Classes along the lines of [S] .
The aim of this paper is to drop the assumption n = 4 from the previous theorem. In fact we show the following THEOREM 1.2. Let X = X 4 ⊂ Q 6 be a smooth 4-dimensional variety not of general type. Then deg(X) is bounded.
As it is well known, see Prop. (2.7), the theorem implies that there are only finitely many families of codimension two subvarieties not of general type in Q 6 . The paper is structured as follows. In section 2. we fix our notation and give preliminary results that will be needed later on in the paper. The sections 3. and 4. are devoted to bounding the degree of a non general type 4-fold X ⊂ Q 6 .
In the last section we consider the problem of boundedness of non general type 4-folds in P 7 . Among the log-special type 4-fold in P 7 (i.e., the image of the adjunction mapping has dimension less than 4) there are still two hard cases to be considered, namely the quadric bundles over surfaces and the scrolls over threefolds. We show that quadric bundles over surfaces have bounded degree with the only exception of those which lie in a 5-fold of degree 8.
The same technique can be applied to a manifold X of dimension n+1 embedded in P 2n+1 which is a quadric bundle over a surface. One can prove that there exists a function F(n) such that deg(X) ≤ F (n) or X is contained in a variety of dimension n+2 and degree [
], where [x] is the greatest integer less than or equal to x.
Notations and Preliminaries
2.1. NOTATION. Throughout this article, unless otherwise specified, X denotes a smooth connected projective 4-fold defined over the complex field C, which is contained in Q 6 . Its structure sheaf is denoted by O X . For any coherent sheaf ℑ on X, h i (ℑ) is the complex dimension of
The following notation is used: X, smooth 4-fold in Q 6 ; H class of hyperplane section of X, H = O P 7 (1) | X ; K class of canonical bundle of X; X 3 generic 3-fold section of X; S generic surface section of X; C generic curve section of X; g genus of C; c i = Chern classes of X; N the normal bundle of X in Q 6 , N X/Q 6 . Using the self intersection formula for the embedding of X ⊂ Q 6
we get the following formulae for
48 .
Note that (2) follows from the adjuction formula.
To prove (3) we reason as follows. From the long exact sequence
we get that
Such equality along with the self intersection formula (1) gives
Hence by dotting (7) with H 2 we have
On the other hand
In fact using the following exact sequences
Now (9) will follow if we dot (10) with H and if we use the following facts:
Combining (8) and (9) we get (3). In order to prove (4) we do the following. By dotting (7) with H· K we get
On the other hand if we dot (10) with K and we use the fact that
Now (4) is gotten by putting together (13) and (14). We now prove (5) . From the sequence (6) we get that
Thus
By Riemann Roch theorem we know that
Combining (7), (19), (18), (17), (4), (3) and (2) we get (5). 
where [x] is the greatest integer less than or equal to x. Then
where V is a resolution of V (i.e., V is a smooth variety mapping holomorphically and birationally to V)
Proposition 2.4. Let X be a smooth 4-fold in Q 6 . Then
Proof. By the Riemann-Roch theorem we have
where c i = c i (T X ). We now use (9) and (14) to get our claim.
Proposition 2.5. Let S ⊂ Q 4 be a surface of degree d contained in an irreducible threefold of degree σ, with σ minimal. Then
Proof. Let C be the generic curve section of S. By [AS] , Proposition 6.4 for d >> 0 we have
We let
and
We set
We have the following exact sequence
The same holds for t≥ 1 since h 1 (O C (t)) = 0 and
From this it follows that F(t)-h 2 (O S (t)) is non increasing and since for t going to infinity it goes to zero it follows that h 2 (O S (t)) ≤ F(t) for all t. Thus evaluating it in t=0 we have
12 and hence our claim. Note also that
On passing note that if d is a multiple of 2σ then F (t) is the Hilbert polynomial of the complete intersection in Q 4 of hypersurfaces in P 5 of degree σ and
Proof. For the proof see ( [deC] , Theorem 3.1. 
Thus there are only finitely many possibilities for the Hilbert polynomial
4-Folds on a Hypersurface of Fixed Degree
Let X be a 4-fold of degree d in Q 6 contained in an integral hypersurface V σ ∈ |O Q 6 (σ)|.
Proof. Look at the following three exact sequences
We use the first one to compute χ(O Q 6 (t)) and the second one to compute
and the third exact sequence to compute
Define
By plugging t 1 we get that
We now use Prop. (2.6) and Prop. (2.5) in what above to get
and thus
It will be enough to bound from above h 2 (I X,V (t 1 )) since h 0 (I X,V (t 1 )) and h 4 (I X,V (t 1 )) have been bounded in ( [deC] , Lemma 3.3.). In order to bound h 2 (I X,V (t 1 )) we consider the following exact sequences:
The latter along with the above sequences give
Moreover by ([deC] , Lemma 3.3) we have that Proof. Since X is not of general type we have h 0 (K X (−1)) = 0 from which it follows that p g (X) ≤ p g (X 3 ). This along with Harris bound give
On the other hand by (3.1) we obtain that
The boundedness of d will now follow from (21) and (22). Hence our claim.
Boundedness Proposition 4.1. Let X be a smooth 4-fold in
Q 6 . Denote χ(O S ), χ(O X 3 ), χ(O X ) by
s, x and v respectively. Then
a) s ≤ 2 3 (g−1) 2 d + 5 3 (g − 1) − 1 24 d 2 + 5 12 d. b) −24x(2g − 2 − 3d) ≤ 36s 2 + 3s(d 2 − 22d − 16(g − 1)) + 1 16 (d 4 − 92d 3 + 4d 2 (12g + 193) + 32d(1 − g)(g + 8) + 768(g − 1) 2 ).
If X is not of general type then c) v ≤ 2s − x
Proof. By the generalized Hodge index theorem we know that
We observe that (2), (3) and (23) give a) while (2), (3), (4) and (24) give b). In order to prove c) we use the following exact sequence
Since X is not of general type we have h 0 (K X (−1)) = 0 and thus
. Hence our claim.
Proposition 4.2. Let X be a smooth 4-fold in
Proof. Since N(-1) is globally generated, the Segre classes satisfy:
Recall that Proof. Let X be a smooth 4-fold in Q 6 that is not of general type. By Prop.(2.7) it is enough to bound d = degX. We will do so by considering separately the cases 2g-2-3d ≤ 0 and 2g-2-3d > 0.
Assume that 2g-2-3d ≤ 0, i.e. g-1 ≤ 
Solving the above inequality with respect to s we see that either 
Fix a positive integer k and let d > 2k 2 . Assume that X does not lie on any hypersurface of Q 6 of degree strictly less than 2k. Then by Prop. (2.2) the genus of a general curve section of X satisfies
Rewriting (30) in the following way
and using (32) we get
In the case (31) a similar reasoning yields
The following inequality, gotten by combining a) in Prop. (4.1) and a) in Prop. (4.2) will be needed:
Plugging (33) and (32) in (35) gives
Similarly, plugging (34) and (32) in (35) gives
The coefficient of d 2 , both in (36) and (37) is negative for k=47. Hence d is bounded from above if X is not in a hypersurface of degree strictly less than 2 · 47. If X is not of general type and is contained in a hypersurface of degree less than or equal to 2· 47 then by Corollary (3.2) there exists d 0 such that deg(X) ≤ d 0 . Hence the theorem is proved.
Quadric bundles over surfaces in P 7
Throughout this section X will denote a smooth 4-fold of degree d in P 7 which is a quadric bundle over a surface. We will show that either its degree d is bounded or X is contained in a 5-fold of degree 8.
For 4-folds in P 7 by the selfintersection formula we have:
5.2. Definition. A 4-fold X is called a geometric quadric bundle if there exists a morphism p : X −→ B onto a normal surface B such that every fibre p −1 (b) is isomorphic to a quadric. A 4-fold X is a quadric bundle in the adjuction theoretic sense if there exists a morphism p : X −→ B onto a normal surface B and an ample Cartier divisor L on B such p * L = K + 2H.
The following proposition relates the two notions. We fix our notation which follows closely the one in [BOSS2] .
5.3. Notations. Let p : X −→ B be a geometric quadric bundle in P 7 . We have a natural morphism f : B −→ Gr(P 3 , P 7 ). Let S be a generic surface section of X. Then p : S −→ B is finite 2:1. Let 2R ⊂ B be the ramification divisor of p : S −→ B.
We set p * O X (1):= E, a rank 4 vector bundle over B. We have E = f * (U ∨ ), where U is the universal bundle of Gr(P 3 , P 7 ), in particular
is ample. Note that W:= P(E) is a P 3 -bundle in the natural incidence variety P 7 × Gr(P 3 , P 7 ) whose projection π into P 7 is the hypersurface V given by the union of all the 3-planes containing the quadrics of X. Moreover π −1 (X) = X is smooth and isomorphic to X. We denote the natural projection of W onto B also by p and by H the divisor on W corresponding to O W (1). Hence
The divisor D ⊂ B corresponding to points whose fibres are singular quadrics, is called the discriminant divisor.
given by the equation detφ = 0. Thus our claim.
Moreover from the adjuction formula and Lemma (5.5) ii) we obtain
Substituting the values of Prop. (5.8) and simplifying we get the assertions.
We need a Roth type result.
Proposition 5.10. Let X be a codimension 3 integral subvariety of P n of degree d. If the generic section C = X ∩ P 4 with a linear P 4 is contained in a surface S σ ⊂ P 4 of degree σ with σ 2 ≤ d then X itself is contained in a codimension 2 subvariety V σ ⊂ P n of degree σ.
Proof. We first check that the generic section S = X ∩ P 5 with a linear P 5 is contained in a 3-fold Y σ ⊂ P 5 of degree σ. By the assumptions, the surface S σ is unique. On the contrary, suppose there are two such surfaces S ′ σ and S ′′ σ . There exists a linear projection π from a point p ∈ P 4 on a hyperplane P 3 such that π(S ′ σ ) and π(S ′′ σ ) are two irreducible distinct surfaces of degree σ containing π(C) against the Bezout theorem. We get a rational map from (P 5 ) ∨ in the Hilbert scheme of degree σ surfaces of P 4 . It follows that the closure of all surfaces S σ is the 3-fold Y σ we looked for.
By iterating this process we get the thesis.
Proposition 5.11. Let X be a quadric bundle in P 7 . Then d ≤ 2963 or X is contained in a 5-fold of degree 8.
Proof.
We consider the possible values of x and y compatible with the following three inequalities: 
These inequalities bound the inside of a triangle whose vertices are:
The minimum and the maximum of g-1 considered as a function in x and y with d fixed (see Prop. (5.9)) have to be assumed in one of the vertices. Substituting the coordinates of A d , B d , C d in the expression of g-1 we get respectively g − 1 = 3 − 8881d 2 − 29706d + 893872 ≤ 0, which implies d ≤ 2963. If otherwise then C is contained in a octic, then from Proposition (5.10) it follows that also X is contained in a octic.
Remark 5.12. We like to remark that a similar reasoning gives an analogous result for manifolds X of dimension n+1 and degree d embedded in P 2n+1 which is a quadric bundle over a surface. More precisely we have the following Proposition 5.13. Let X be a manifold of dimension n+1 and degree d embedded in P 2n+1 which is a quadric bundle over a surface. Then there exists a function F(n) such that d ≤ F (n) or X is contained in a variety of dimension n + 2 and degree [ Proof. Similarly as in proposition (5.11) we get that
where A = 3(4n−1) n(n+1) (4n 2 +4n+1) and B = 3(2n+1) (n+1) (2n 3 +2n 2 +2n+3) . We now use Theorem (2.1) and Proposition (5.10) to see that there exists a function F(n) such that d ≤ F (n) or X is contained in a variety of dimension n + 2 and degree [ 
